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I. Introduction
This paper deals with the quality option usually embedded in future contracts. According to Cox et al. (1981) , future contracts may incorporate four kinds of embedded options: The quality option (the future seller chooses the security to deliver amongst a set of deliverable assets), the quantity option (the future seller chooses the quantity of the underlying asset to deliver), the temporary option (the future seller chooses the date within a time interval) and the localization option (the seller chooses the place). Some future contracts simultaneously incorporate several options.
We will focus on the quality option of future contracts on bonds, although the developed methodology also applies for more complex securities. Bond futures have a notional underlying asset and, consequently, the market organizers have to provide a list of deliverable bonds. A new flotation before the future expiration may provoke the enlargement of the list, and the future seller will decide at the future maturity the bond that he/she prefers to deliver.
The future buyer has no choice with respect the asset he/she will receive, and therefore he/she merits compensation. Hence the price of the future contract decreases and the detected fall has been the key used by many authors to price the embedded quality option. This price will critically depend on the volatility of the deliverable securities. If, as usual, they are bonds, then their volatility will be small and so will the quality option price. But small price does not imply negligible price. On the contrary, as stated in Chance and Hemler (1993) , to ignore the quality option may lead to important errors when composing hedging strategies and may underestimate many risk premiums or several measures of market efficiency see (Kamara 1990 , Ahn et al. 2002 , Buhler and Düllmann 2003 or Merrick et al. 2005 .
Following the analysis of Chance and Hemler (1993) , there are several alternatives to price the quality option. So, Margrave (1978) , Gay and Manaster (1984) Boyle (1989) , Hemler (1990) , Bellier (1997) or Anderson and Martínez-Garmendia (1999) , develop a theory to price the option allowing its buyer to change two previously fixed securities. Another possibility consists in pricing the option as the profit obtained by the future seller due to the difference of prices between the bond he/she finally delivers and the one he/she would deliver when the future was sold (Kane and Marcus 1986 , Barnhill 1990 , Hedge 1990 , Hemler 1990 or Stickland 1992 . The most usual way prices the option at any date before the future maturity as the difference between the theoretical future price of the cheapest to deliver bond and the future price reflected by the market (Hedge 1990 , Hemler 1990 , Stickland 1992 , Yu 1997 ). We will also follow this approach though, as will be justified, we will not draw on the cheapest to deliver asset. The last method indicated by Chance and Hemler prices the option by using the cash flows of a roll-over strategy that buys a (theoretical) future contract on the cheapest to deliver bond and sells the future contract (Barnhill and Seale 1988 , Barnhill 1990 , Hedge 1990 or Yu 1997 and 1999 .
Recent papers (Chen 1997 , Carr and Chen 1997 , Bick 1997 ) draw on the third method above and classic dynamic models of the TSIR behaviour (Vasicek 1977 , Cox et al. 1985 to price quality options. More complex models of the TSIR dynamics (Hull and White 1990, Heath et al. 1992, etc.) are used in Paxon (1993) and , Sankarasubramanian (1992) and , Yu (1997) , Chen et al. (1999) or Nunes and Ferreira (2003) . This paper will attempt to price the quality option by drawing on the standard methods of Pricing Theory, but the imposed assumptions will be as simple as possible. Firstly, a precise definition of the quality option will be yielded, and it will be justified that the number of embedded quality options in a future contract equals the number of deliverable assets. Secondly, it will be proved that the quality options may be replicated with the available securities by means of a static portfolio, i.e., the replicating portfolio does not have to be rebalanced till the future maturity. Thirdly, a simple arbitrage-linked argument allows us to provide the quality option with the price of its replica.
To deal with a static replica seems to reveal several advantages. Indeed, our results are robust with regard to any dynamic assumption concerning the TSIR behaviour. Moreover, the static replica permits us to introduce transaction costs in a simple manner, so that they can be considered to price the replicating portfolio and the quality option. Finally, the replicating portfolio is not unique, since the future contract is close to the difference between its calls and puts. Clearly, the future contract options are affected by the presence of the quality option, so they contain information that may be quite interesting when pricing the quality option. Using future contract options makes the analysis and the empirical results much more robust because they have to overcome different tests based on different replicating strategies.
It is also worth to mention a final difference with respect to previous literature. As already said, there are more than one quality options per future contract. Authors usually price the cheapest one in order to point out that the quality option effect is not so high. 4 However we have priced the most expensive quality option. It may be justified because, as said above, the quality option may be replicated in a static framework and, consequently, it is available to traders. We have considered that an almost never studied available security may deserve our attention. Anyway, it is convenient to indicate that our new methodology similarly applies to price the cheapest embedded quality option.
Papers outline is as follows. The second section will present the theoretical results and the methodology. We will price the option in both perfect and imperfect markets. 5 We will yield several closed formulas related to the securities we are using when replicating the quality option (the future contract or its calls and puts). The third section deals with an empirical test implemented with the German Bund traded in EUREX. There are two analyzed periods. The first one focuses on the future contract with maturity in December 2002, and the quality option was priced between September the second and December the sixth 2002 (last trading date). The second analysis considers the future contract with maturity in December 2005, and the quality option was priced from November the second to November the eighteenth. Our first test did not use the future calls and puts and three months before maturity the quality option approximate average value equalled 2% of the future contract nominal value. This is much larger than usual (recall that we are pricing the most expensive embedded option). 6 The quality option price decreased with time. This effect may affect the derivatives of the future contract and, therefore, as said above, to ignore the quality option presence may cause other pricing errors (Ronn and Bliss 1994 or Cherubini and Exposito 1995, among others, have proposed a pricing method for options on futures with embedded options). With regard to the second tested period, we have used the future contract calls and puts. The quality option price average value was 2.5% three months before maturity and was decreasing slowly. For the first period, the quality option price was around 1% one month before maturity. There are two factors that could explain the difference: 1) Deliverable bonds of the future contract with maturity in December 2002 are the same coupon, whereas deliverable bonds of the future with maturity in December 2005 are different coupons. 2) After the second tested period a new bond was added to the list of deliverable bonds.
The last section of the paper presents the major conclusions, and several tables and figures illustrate the results of the empirical test.
II. Replicating and Pricing the Quality Option
The quality option will be replicated and priced by drawing on the classical static approach of Financial Economics. Firstly we will not incorporate frictions. Remark 4. Expression (2) clearly points out that all the implied quality options do not necessarily have the same price. We will consider the most expensive one in order to introduce "the quality option price", i.e.,
will be the value that we will estimate in our empirical test.
The literature has focused on the quality option associated with the option that the future seller would deliver if the decision were made at the initial date 0 t =0, and it may be easily proved that this option price is given by (3) if the maximum is replaced by the minimum value. Thus, Definition (3) is a important difference with respect to previous works. However, we prefer to concentrate on the option with the highest value because this is also implied by the future contract F , in the sense that it can be also replicated by using F (Proposition 1), and the empirical analysis will reflect that its value is not negligible. After words, all the implied options of Remark 2 may merit our attention and a major objective of this paper is to show that the existence of several underlying assets for interest rate future contracts may lead to the existence of significant quality options.
Despite the comments above it is worth to indicate that our methodology and its implications also apply if "Min" substitutes "Max" in (2). Let us now assume that there exist transaction costs given by the usual bid/ask spread. Suppose We will not consider frictions at the second date.
Proposition 6. The upper and lower bounds below must hold
i.e., if one buys the quality option and sells its replica there are no positive incomes. Besides,
i.e., if one buys the quality option replica and sells the option we cannot expect any positive income.
Remark 7. Firstly, notice that Proposition 6 extends Proposition 3. Secondly, both expressions must be slightly modified if j S pays the dividend (or coupon)
, and the proof is absolutely similar and therefore omitted. Thirdly, all the expressions hold if more deliverable assets may be added before T .
Next we will develop the methodology allowing us to draw on the information contained in calls and puts on the future contract in order to price the quality option. Therefore, along with the securities above, we will consider the existence of American calls and puts with the same strike X and maturity at T ′ ) ( T T < ′
. Since the empirical test will draw on the quality option implied in the German Bund, we will consider the properties of its future options. Hence, the calls and puts above are "pure options", i.e., the premium will be paid at '
T or when the option is exercised if there is early exercise. 
Proof. The put-call parity relationship for European or American "pure options" (see Lieu, 1990) leads to
Thus, Expression (6) trivially follows from (2). Remark 10. If the future options were European and the option premium were paid at t 0 then, with the obvious notations, we would have
Indeed, in such a case the put-call parity becomes (see Lieu, 1990) 7 See Duffie (1989) or Lieu (1990) for further details about this kind of option. Proof. According to Jouini and Kallal (1995) , the absence of arbitrage in a market with frictions implies the existence of an (ideal) arbitrage-free frictionless market whose prices lie within the bid/ask spread. Thus, there exist 
Moreover, an additional flotation would not modify the formulas.
III. Empirical Test: Data and Results
We used the German Bund Future Contract, available in EUREX, to test the quality option price. The underlying asset is a notional bond issued by the German government whose annual coupon equals 6%. The contract nominal value is 100000 euros and prices represent a percentage of the nominal value with two decimal digits.
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There are four available maturities, March, June, September and December, although the shortest one reflects the far highest activity. The future contract can be traded until one day before its maturity, at 12:30 p.m. The delivery must take place on the tenth day of the delivery month, and the deliverable assets are bonds issued by the German government with maturity between 8 and 11 years. The set of deliverable assets may enlarge, if a new flotation occurs and the new bonds satisfy some required conditions.
We have addressed two empirical tests. Both analyses draw on high frequency perfectly synchronized data in order to price the quality option with the highest possible precision. 10 The first one does not use future options and focuses on the future contract with maturity in December 8 Bearing in mind (8), similar arguments allow us to obtain upper and lower bounds for the quality option price if the future options are not "pure options" 9 Table 1 presents a synopsis of the results of previous empirical studies. It has been provided for two reasons: Firstly, it allows us to compare different results. Secondly, it may be seen that the German Bund is not the most usual focus of empirical papers. However, the German Bund Future presents an interesting property since it only contains quality options, and no more options are simultaneously embedded. 10 We follow the ideas and precision of the empirical study of Balbás et al. (2000) , where the level of integration between the Spanish spot and derivative markets is verified by using a similar database.
2002. The quality option price has been computed between September the second and December the sixth (last trading day). In order to use perfectly synchronized data we only priced the option at those minutes such that we had all of the involved prices.
11 Minute by minute we have priced the quality option by considering bid and ask prices of the set of deliverable bonds and the future contract. We have also distinguished between borrowing and lending rates and the whole set of data has been provided by Bloomberg.
The future contract presents three quality options. 12 The conversion factor is the bond price per unit of nominal value, at the future expiration and under a flat TSIR equal to the notional bond coupon (6% if we deal with the German Bund).
First of all we computed the price of the three quality options under the frictionless assumption. At every minute we took average values of the bid and ask prices for all the involved securities, including the risk-free rate. Minute by minute the highest price corresponded to the quality option associated with the bond with longest maturity. According to (3), this is the quality option price that we measured. Table 3 provides daily average values of the quality option, which clearly decreases and shows a negative slope (thirteen weeks before maturity the quality option value equals 2% of the future nominal value, whereas one week before expiration it falls to 0,6%).
In a second step, we incorporated transaction costs and estimated the upper and lower bounds of the quality option price. We always obtained that both bounds were associated with the bond with longest maturity. Furthermore, the three spreads showed void intersection.
Tables 4, 5, 6 and 7 yield daily average values for the bounds. Figures 1, 2, 3 , 4, 5 and 6 provide the dynamic evolution of both the quality option price in a frictionless world and the bounds in a world with frictions. It is easy to check the stability of the distance between the quality option price and its bounds. The difference between the upper bound and the price almost equal the difference between the price and the lower bound (they usually lie within the spread 35 -55 euros). Figures 4, 5 and 6 extend the information.
Our second analysis involves pure options on the future contract. The options can be traded at any date before its expiration. Our study deals with pure options whose underlying future matured in December 2005. Table 8 summarizes the deliverable bonds properties. The quality option price was obtained from November the second to November the eighteenth, 2005. We took the strikes 119, 119.5, 120 and 120.5, since our database contained its premiums perfectly synchronized with the remainder variables.
13 The whole database was provided by Bloomberg
Firstly we computed the three quality option values in a frictionless world. The result is similar to that obtained when dealing with the future contracts rather than their pure options, in the sense that the quality option value rises if so does the associated bond maturity. We follow (3) to define the (global) quality option value, and Tables 9, 10, 11 and 12 yield average values of the quality option price, which is usually close to 2.5% of the nominal.
Then we considered transaction costs and computed bounds of the quality option price. Once again the bounds are given by the bond with highest maturity, and the deliverable bonds provided spreads with empty intersection. Tables 13, 14, 15 and 16 present daily average values of the lower  bound, while Tables 17, 18 , 19 and 20 give upper bounds.
Figures 7, 8 9 and 10 show the dynamic evolution (fall) of the quality option price and its bounds. The distance between the price and its bounds is stable and lies within the spread 50 -60 euros. 11 We had the bonds prices and the future price minute by minute, but we did not get the interest rates. Thus, several minutes have been removed and our analysis involved 1250 minutes. 12 There were three involved bonds. There was not any new flotation before the future expiration. See Table 2 . 13 We used the strike 119 to price the quality option in 86 minutes,119,5 was used in 182 minutes, 120 in 161 minutes and 120,5 in 92 minutes. The remainder strikes were not used due to the scarce number of minutes that we could have studied.
Overall, the results are coherent and robust, in the sense that the existence of four different strikes does not generate contradictions. On the contrary, every strike yields additional information with respect to the remainder ones.
IV. Conclusions
The quality option embedded in many future contracts may be replicated by using a static approach. It allows us to provide several replicating portfolios since future calls and puts may be incorporated. Furthermore, the static analysis makes it far easier to bear in mind transaction costs when pricing the quality option.
The results of every empirical analysis based on the static approach seem to be very robust. Indeed, they do not depend on any dynamic hypothesis, they have to overcome several test due to the existence of different replicating portfolios, they can be obtained from perfectly synchronized real market data and they can incorporate imperfections and the information contained in a large set of assets.
Despite the methodology applies for future contracts on quite different sort of securities, we have empirically tested a bond market, since this is the most usual case in practice. We have checked the quality option of the German Bund Future Contract. Three months before maturity the (most expensive) embedded quality option approximate average value lies within the spread [1.9%, 2.8%], which is far of being a negligible price. This may justify that, as pointed out by other authors, the presence of quality options has to be considered when pricing future derivatives and testing the market efficiency. To ignore this presence may provoke speculative strategies trying to benefit from possible market inefficiencies. M3: The quality option value is the difference between a future contract on the cheapest bond to deliver and the product of that bond conversion factor and the future price. M4: The quality option price is the difference between the future seller earnings if he/she delivers the cheapest bond at maturity instead of the cheapest bond at the future contract sale. M5: The quality option value is given by the earnings of a roll-over strategy holding at any instant the cheapest bond. 
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